Abstract-A method is described for finding the contact pressures and surface displacements of a semiinfinite elastic solid, indented by a rigid, heated punch. The problem is reduced to an equivalent isothermal problem by finding the surface displacements due to temperature changes alone, making use of various properties of the point source solution, and superposing these on the initial profile of the solid. The analysis is greatly simplified if the system is axisymmetric or contains axisymmetric regions. The method is illustrated by an example.
INTRODUCTION SOME interest has recently been shown in the solution of problems involving the combined heating and loading of solid surfaces. George and Sneddon [ l] produced a general theory for solving the problem of a semi-infinite elastic solid, indented by an axisymmetric, heated punch and the method was extended to the axisymmetric, finite solid by Keer and Fu [2] and to the case of simultaneous indentation by two punches by Fu [3] . These solutions were derived from the equations of thermoelastic equilibrium by integral transform methods.
In this paper, an alternative method of solution is described which has particular advantages when only the contact stresses and surface displacements are required. The method is discussed in general example in Part II.
Method of solution
The general problem to be terms in Part I and its use is illustrated by a particular solved is that in which a rigid heated punch of known profile is pressed into the surface of a semi-infinite elastic solid. It is proposed to solve this problem as follows:
(a) The known thermal boundary conditions are applied to the solid in the absence of any contact stresses and the resulting normal displacements at the surfaces are found.
(b) An isothermal solution is then found for the indentation by the rigid punch of a stress free solid with the distorted profile of solution (a).
(c) The required solution for simultaneous heating and loading can then be found by superposition of (a) and (b) . If the thermal boundary conditions are specified in terms of the distribution-of heat flux at the solid interface, the solution to problem (a) is most easily obtained by integrating the point heat source solution.
If a steady state, point heat source of strength q is located on the surface of a semiinfinite solid, the normal surface displacement produced at a distance s is where a, k, v are respectively the coefficient of thermal expansion, thermal conductivity and Poisson's ratio of the material. This result is derived in reference [4]. The distance s,, represents an arbitrary reference point at which the displacement is defined to be zero. A finite reference point must be used, since, relative to the finite range, MY is unbounded both at the source and at infinity. An essentially similar problem is encountered in two-dimensional, isothermal contact problems and can be avoided by expressing the results in differential form (i.e. in terms of surface slopes). However, in the threedimensional case, the surface slope can only be expressed as a vector quantity and this adds unnecessary complication to the mathematical analysis.
If the heat input per unit area at the surface of the solid is a known function (4) of position, the solution to problem (a) is found by integrating equation (I), i.e.
( 2) where A is the region of the surface through which heat flow occurs. If s0 is chosen to be large in comparison with the dimensions of A, it will be approximately constant and equation (2) (3) is the total heat flux into the solid.
If the thermal boundary conditions are not given in terms of the heat input q at the surface, it will generally be necessary to solve the heat conduction equation to find this function before using equation (3) to solve problem (a).
Once the shape of the unloaded, thermally distorted surface is known, the contact pressure distribution (problem (b)) can be found by conventional methods of isothermal contact theory.
A particular solution to equation (3) is worth noting. If a thin uniform annular heat source, radius a, is applied to the solid, equation (3) can be evaluated to give:
Thus, for all points outside the annulus, the normal displacement is equal to that produced by an equal point source at the centre, whereas the normal displacement at all points within the annulus is constant. This result greatly facilitates the solution of problem (a) for systems which are axisymmetric or which have a number of sources which, taken independently, would be axisymmetric. In finding the normal displace-ment at any point P on the surface, any axisymmetric source external to P can be replaced by an equivalent point source at its centre and the effect of any axisymmetric sources enclosing P can be found by integrating equation (Sa).
Example
To illustrate the use of the method, we will find the contact pressures and surface displacements due to the indentation of a semi-infinite solid by a flat, rigid cylindrical punch of radius a, the heat input being assumed uniform over the contact area and zero elsewhere. i.e.
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(Note: This is a particular problem to which a straightforward analytic solution can be obtained and it has been chosen as an example because it illustrates the basic steps of the method without introducing unnecessary mathematical complexity. However, the method is not restricted to problems of this type. For example, a general heat flux distribution (q) could be represented in double series form in equation (3). It is worth noting that the mathematical difficulties inherent in more complex problems tend to occur in the equivalent isothermal problem (b) (in which field there is a wider range of existing solutions) rather than in problem (a)-the evaluation of the function w from equation (3)).
Problem (a)
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for s > a, where w is defined as positive away from the solid.
Problem (b)
The surface defined by equations (7a, b) is parabolic in the contact region and hence a contact pressure distribution g,Eag= The normal surface displacement, relative to the point at infinity, produced by the pressure distribution of equation (8) 
fors > a. The expression (11 b) is not bounded as s * 00. This result is obtained whenever there is a net steady state heat flow into the solid. If the boundary condition (6b) is replaced by one of zero temperature outside the contact area, an outflow of heat will occur in this region, equal to the heat input in the contact area and the displacement will become finite. This problem is analysed by George and Sneddon [ 11. The outflow of heat will be axially symmetrical and, since it surrounds the contact area, it will cause an equal displacement at all points within the latter (see Part I above). Hence the contact pressure distribution for a given applied load P will be unaffected by the change in thermal boundary conditions and is given by equation (8). By a similar argument, equation (8) represents the contact pressure distribution for any arbitrary axisymmetric thermal boundary condition in the region r > a. This result is useful, since, in practical applications, neither constant temperature nor zero heat flow conditions will occur. However, if the displacement of the punch relative to a distant part of the solid surface is required, the boundary condition must be known and, if this is q = 0, r > a, a finite displacement will only be obtained by taking account of the finite dimensions of the practical solid (e.g. by referring the displacement to a point near the edge of the surface).
CONCLUSION
The procedure described above can be used to reduce any heated punch problem to an isothermal contact problem, provided that the boundary conditions at the surface are specified in terms of heat flow or can be converted to this form. The solution is considerably simplified if the system is axisymmetric, or if it contains axisymmetric regions, but the method is not restricted to such cases. In an axisymmetric system, the contact stresses for a given punch load are independent of the thermal boundary conditions outside the contact region and can therefore be deduced from a knowledge of the heat input in the contact region alone. The method may also be used in problems in which the rigid punch is replaced by a second semi-infinite elastic solid with different material properties, the extremities of the two solids being maintained at different temperatures. Sommarlo-Si descrive un metodo per scoprire le pressioni di contatto e gli spostamenti superhciali di un solid0 elastic0 semintinito, iutaccato da un punzone rigid0 e riscaldato. 11 problema viene ridotto a uno isotermico equivalente scoprendo gli spostamenti superficial causati dai soli cambiamenti de temperatura e facendo uso di varie propriet& della soluzione della sorgente di punto e sovrapponendole sul profilo iniziale de1 solido. L'analisi b grandemente semplificata se il sistema i: assisimmetrico oppure contiene regioni assisimmetriche. 11 metodo b illustrate con un esempio.
